Let m be a positive integer. In this paper, using some properties of exponential diophantine equations and some results on the existence of primitive divisors of Lucas numbers, we prove that if > 90 and 3| , then the equation (4 2 + 1) + (5 2 − 1) = (3 ) has only the positive integer solution ( , , ) = (1, 1, 2).
Introduction
Let Z, N be the sets of all integers and positive integers, respectively. Given a triple ( , , ) of coprime positive integers with min{ , , } > 1, there are many papers that investigated the equation
(see [1] [2] [3] [4] [5] [6] [7] [8] ). Recently, Terai [8] proved that if , , satisfy
then (1) has only the solution ( , , ) = (1, 1, 2), provided that ̸ ≡ 3(mod 6) or ≤ 20. The proof of this result is based on elementary methods and Baker's method. In this paper, using some properties of exponential diophantine equations and some results on the existence of primitive divisors of Lucas numbers, we prove a general result as follows. Theorem 1. Let , , be positive integers satisfying (2) . If > 90 and 3 | , then (1) has only the solution ( , , ) = (1, 1, 2).
Some Note. Combining Terai [8] and our Theorem, we know that only the values 20 < ≤ 90, 3 | are left to investigate (2) . In this case, the equation (4 2 + 1) + (5 2 − 1) = (3 ) has only finitely many solutions in ( , , ). Moreover, they are not only effectively but also practically solvable. With some computer assistance, we would be able to solve completely the equation.
Preliminaries
In this section, we assume that , , are positive integers satisfying (2) . Then, (1) can be written as
Further, let ( , , ) be a solution of (3) with ( , , ) ̸ = (1, 1, 2).
Proof . Since min{ , } ≥ 1, by (3), we have ≥ 2 and 1 + (−1) ≡ (4
Since ( , , ) ̸ = (1, 1, 2), we have max{ , } ≥ 2 and
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If 2 | , then from (7) we get 2 | , which contradicts (5). So we have
Since 4 + 5 is a positive integer, by (7), we have
On the other hand, by (3), we have (3 ) > (4 2 + 1) and
whence we obtain > 4 + 5 2 log (9 2 ) / log (4 2 + 1) + 5 log (9 2 ) /2 log (5 2 − 1) .
Since > 90, we have (log(9 2 ))/ log(5 2 − 1) < (log(9 2 ))/ log(4 2 + 1) < 1.08. Thus, by (9) and (11), we get (4). The lemma is proved. Let 1 , 2 , be positive integers such that min{ 1 , 2 , } > 1 and gcd( 1 , 2 ) = gcd( , 2 1 2 ) = 1.
Lemma 3 ([9, Lemmas 1 and 6]). If ( , , ) is a fixed solution of the equation
then there exists a unique positive integer such that
The positive integer is called the characteristic number of the solution ( , , ) and is denoted by the symbol ⟨ , , ⟩.
Lemma 4 ([9, Theorems 1 and 3]).
For a fixed characteristic number , let ( ) be the set of all solutions ( , , ) of (13) with ⟨ , , ⟩ ≡ ± (mod ). Then one has the following.
Lemma 5. If min{ 1 , 2 } ≥ 4 and 3 ∤ 1 2 , then the equality
Proof. If (15) holds, then
By (15) and (17), we have
We may assume that
; then, by (18), we have
Since 2 ≥ 4 and ≥ 3, we see from (19) that ≥ 1. Further, since gcd( 1 , 2 ) = 1, by (16), we get
It implies that 2 ∤ 2 . Let be an odd prime divisor of 2 . Since 3 ∤ 2 , we have ≥ 5. Further let
Since ≥ 5, by (21), we have
Further, by (21) and (22), we get (−1) ( 2 + 1 )
Therefore, by (16), (21), and (23), we obtain Lemma 7 (see [11] ). If > 30, then is totally nondefective.
Let , be positive integers such that min{ , } > 1 and gcd( , 2 ) = 1.
Lemma 8 (see [9, Theorems 1 and 3]). Every solution ( , , ) of the equation
can be expressed as
where 1 , 1 , 1 are positive integers satisfying Proof. Let ( , , ) be a solution of (29) with (| |) ⊆ ( ). By Lemma 8, , , and satisfy (30) and (31), where 1 , 1 , and 1 satisfy (32). Let
By (32) and (33), we have that + = 2 1 , − = 2 1 √ − , = 1 , and / satisfies 1 ( / ) 2 − 2( 
Since (| |) ⊆ ( ), by the definition of primitive divisors, we see from (34) that either = 1 or > 1 and the Lucas number ( , ) has no primitive divisor. If = 1, then from (30) and (32) we get ℎ(−4 ) ≡ 0(mod ). If > 1, by Lemmas 6 and 7, using an easy computation, the solution ( , , ) satisfies the case (i) or (ii). Thus, the lemma is proved. 
Proof of Theorem
We now assume that ( , , ) is a solution of (3) with ( , , ) ̸ = (1, 1, 2). By Lemma 2, we have 
In addition, (37) has another solution
Let = ⟨1, 1, 2⟩. We have
By (39) and (41), we get ≡ ± (mod3 ). It implies that the solutions (38) and (40) belong to a same class ( ) of solutions of (37). Further, since (4 (40) is the least solution of ( ). Therefore, applying Lemma 4 to (38), we get 2 | , 2 ∤ /2, and
However, since ( , , ) ̸ = (1, 1, 2) and 3 | , we have /2 > 1 and 3 ∤ (4 2 + 1)(5 2 − 1). By Lemma 5, (42) is false. We finally consider the case that 2 | . Then the equation 
Since 2 ∤ 3 , applying Lemma 8 to (44), we have 
